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NEW HERMITE-HADAMARD AND SIMPSON TYPE INEQUALITIES FOR
HARMONICALLY (s,m)-CONVEX FUNCTOINS IN SECOND SENSE
IMRAN ABBAS BALOCH, I˙MDAT I˙SCAN
Abstract. In [1], authors introduced the concept of harmonically (s,m)-convex functions in second
sense which unifies different type of convexities and is more general notion of Harmonic convexity. In
this paper, authors obtain new estimates on generalization of Hermite-Hadamard and Simpson type
inequalities for this larger class of functions.
1. Introduction
Let f : I ⊂ R → R be a convex function defined on the interval I and a, b ∈ I with a < b, then
following double inequalities hold
(1.1) f
(
a+ b
2
)
≤
1
b− a
∫ b
a
f(x)dx ≤
f(a) + f(b)
2
.
The inequality (1.1) is known in the literature as Hermite-Hadamard integral inequality.
Let f : [a, b]→ R be a four times differentiable mapping on (a, b) and ‖f (4)‖∞ = supx∈(a,b) |f
(4)(x)| <∞,
then the following inequality holds
(1.2)
∣∣∣∣13
[
f(a) + f(b)
2
+ 2f
(
a+ b
2
)]
−
1
b− a
∫ b
a
f(x)dx
∣∣∣∣ ≤ 12880‖f (4)‖∞(b − a)4.
The inequality (1.2) is known in the literature as Simpson inequality. In recent years, many authors have
studied errors estimates for Hermite-Hadamard and Simpson inequalities; for refinements, counterparts,
generalization see [2,4,6,7,9,10].
In [1], authors introduced the concept of harmonically (s,m)-convex functions as follow
Definition 1.1. The function f : I ⊂ (0,∞) → R is said to be harmonically (s,m)-convex in second
sense, where s ∈ (0, 1] and m ∈ (0, 1] if
f
( mxy
mty + (1− t)x
)
= f
(
(
t
x
+
1− t
my
)−1
)
≤ tsf(x) +m(1− t)sf(y)
∀x, y ∈ I and t ∈ [0, 1].
Remark 1.2. Note that for s = 1, harmonic (s,m)-convexity reduces to harmonic m-convexity and
for m = 1, harmonic (s,m)-convexity reduces to harmonic s-convexity in second sense (see [5]) and for
s,m = 1, harmonically (s,m)-convexity reduces to ordinary harmonic convexity (see [4]).
2. Some Basic Properties
In this section, we explore some basic results associated with harmonically (s,m)-convex functions
in second sense.
Proposition 2.1. Let f : (0,∞)→ R be a function
a) if f is (s,m)-convex function in second sense and non-decreasing, thenf is harmonically (s,m)-convex
function in second sense.
2010 Mathematics Subject Classification. Primary: 26D15. Secondary: 26A51.
Key words and phrases. Harmonically (s,m)-convex function, Hermite-Hadamard type inequalities, Simpson type
inequalities.
1
NEW HERMITE-HADAMARD AND SIMPSON TYPE INEQUALITIES FOR HARMONICALLY (s,m)-CONVEX FUNCTOINS IN SECOND SENSE2
b) if f is harmonically (s,m)-convex function in second sense and non-increasing, then f is (s,m)-
convex function in second sense.
Remark 2.2. According to proposition 2.1, every non-decreasing (s,m)-convex function in second sense
is also harmonically (s,m)-convex function in second sense.
Example 2.3. (see[2]) Let 0 < s < 1 and a, b, c ∈ R, then function f : (0,∞)→ R defined by
f(x) =
{
a, x = 0
bxs + c, x > 0
is non-decreasing s-convex function in second sense for b ≥ 0 and 0 ≤ c ≤ a. Hence, by proposition 2.1,
f is harmonically (s, 1)-convex function.
Proposition 2.4. Let f : (0,∞) → R be a harmonically (s,m)-convex in second sense, where s,m ∈
(0, 1] and let a, b be nonnegative real numbers with a < b. Then for any x ∈ [a, b], there is t ∈ [0, 1] such
that
f
(
ab
a+ b− x
)
≤ ts[f(a) + f(b)] +m(1− t)s[f(
a
m
) + f(
b
m
)]− f
(
ab
x
)
.
Proof. Since, any x ∈ [a, b] can be represented as x = ta+ (1− t)b, t ∈ [0, 1], then
f
(
ab
a+ b− x
)
= f
(
ab
a+ b− ta− (1− t)b
)
= f
(
ma( b
m
)
mt( b
m
) + (1− t)a
)
≤ tsf(a) +m(1− t)sf(
b
m
)
= tsf(a) +m(1− t)sf(
b
m
) + tsf(b)− tsf(b) +m(1− t)sf(
a
m
)−m(1− t)sf(
a
m
)
= ts[f(a) + f(b)] +m(1 − t)s[f(
a
m
) + f(
b
m
)]− f
(
ab
ta+ (1 − t)b
)
= ts[f(a) + f(b)] +m(1 − t)s[f(
a
m
) + f(
b
m
)]− f
(
ab
x
)
.

Proposition 2.5. Let fi : (0,∞) → R, i = 1, ..., n are harmonically (s,m)-convex in second sense,
where s,m ∈ (0, 1], then function given by f := maxi=1,...,n{fi} is also harmonically (s,m)-convex in
second sense.
Proposition 2.6. Let fn : (0,∞) → R be a sequence of harmonically (s,m)-convex in second sense,
where s,m ∈ (0, 1] and fn(x) → f(x), then function f is also harmonically (s,m)-convex in second
sense.
Proposition 2.7. Let f : (0,∞) → R be a harmonically (s1,m)-convex in second sense and let g :
(0,∞) → R be a harmonically (s2,m)-convex in second sense, where s1, s2,m ∈ (0, 1]. Then f + g is
harmonically (s,m)-convex in second sense, where s = min{s1, s2}.
Proposition 2.8. Let f : (0,∞) → R be a harmonically (s,m)-convex in second sense , where s,m ∈
(0, 1]. If λ > 0, then λf is harmonically (s,m)-convex in second sense.
Proposition 2.9. Let f : [0, b]→ R, b > 0 be a harmonically m-convex in second sense with m ∈ (0, 1],
and g : I ⊆ f([0, b]) → R be nondecreasing and (s,m)-convex function in second sense on I for some
fixed s, then gof is harmonically (s,m)-convex in second sense on [0, b].
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Let f : I ⊆ (0,∞)→ R be a differentiable function on I◦, throughout this article we will assume that
If (λ, µ, a, b) = (λ− µ)f
(
a+ b
2
)
+ (1− λ)f(a) + µf(b)−
2ab
b− a
∫ b
a
f(u)
u2
du,
where a, b ∈ I with a < b and λ, µ ∈ R.
In [7], I.Işcan et al established the following equality
Lemma 2.10. Let f : I ⊆ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈ L[a, b], where
a, b ∈ I with a < b. Then for all λ, µ ∈ R, we have
If (λ, µ, a, b) = ab(b− a)
{∫ 1
2
0
µ− t
A2t
f ′
(
ab
At
)
dt+
∫ 1
1
2
λ− t
A2t
f ′
(
ab
At
)
dt
}
,
where At = tb+ (1− t)a
In this paper, we establish more general form of Hermite-hadamard and Simpson type inequalities
by using Lemma 2.10 for harmonically (s,m)-convex functions.
3. Main Results
Now, we present our main results which are more general in the following section. The Beta function,
the Gamma function and the integral form of the hypergeometric function are defined as follows to be
used in the sequel of paper
B(α, β) =
Γ(α)Γ(β)
Γ(α + β)
=
∫ 1
0
tα−1(1− t)β−1dt, α, β > 0
Γ(α) =
∫
∞
0
tα−1e−tdt, α > 0
and
2F1(α, β; γ, z) =
1
B(β, γ − β)
∫ 1
0
tβ−1(1− t)γ−β−1(1− zt)−αdt, γ > β > 0, |z| < 1
Theorem 3.1. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈ L[a, b],
where a, b
m
∈ I◦ with a < b. If |f ′|q is harmonically (s,m)-convex on [a, b
m
] for some fixed q ≥ 1 and
0 ≤ µ ≤ 12 ≤ λ ≤ 1, then following inequality holds∣∣∣∣If (λ, µ, a, b)
∣∣∣∣ ≤ ab(b− a)
{
B
1− 1
q
1 (µ)
(
|f ′(a)|qB2(µ, q, a, b) +m|f
′(
b
m
)|qB3(µ, q, a, b)
) 1
q
+ B
1− 1
q
4 (λ)
(
|f ′(a)|qB5(λ, q, a, b) +m|f
′(
b
m
)|qB6(λ, q, a, b)
)}
where
µ2 −
µ
2
+
1
8
:= B1(µ)
,
λ2 −
3λ
2
+
5
8
:= B4(λ),
B2(µ, q, a, b) =


22q−s−2β(1,s+2)
(a+b)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ), µ = 0
2µs+2β(2,s+1)
[µb+(1−µ)a]2q .2F1(2q, 2, s+ 3, 1−
a
µb+(1−µ)a )−
µ22q−s−2β(1,s+1)
(b+a)2q .2F1(2q, 1, s+ 2, 1−
2a
b+a )
+ 2
2q−s−2β(1,s+2)
(b+a)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ), 0 < µ <
1
2
22q−s−2β(2,s+1)
(b+a)2q .2F1(2q, 2, s+ 3, 1−
2a
b+a ), µ =
1
2
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B3(µ, q, a, b) =


β(s+1,s+3)
b2q
.2F1(2q, s+ 1, s+ 3, 1−
a
b
)− β(s+1,1)2s+2b2q .2F1(2q, s+ 1, s+ 2, 1−
b+a
2b )
−β(s+1,2)2s+2b2q .2F1(2q, s+ 1, s+ 3, 1−
b+a
2b ), µ = 0
µβ(s+1,1)
b2q
.2F1(2q, s+ 1, s+ 2, 1−
a
b
)− β(s+1,2)
b2q
.2F1(2q, s+ 1, s+ 3, 1−
a
b
)
+ 2 (1−µ)
s+2β(s+1,2)
b2q
.2F1(2q, s+ 1, s+ 3, (1− µ)(1 −
a
b
))
+ (µ− 1)β(s+1,1)2s+2b2q .2F1(2q, s+ 1, s+ 2, 1−
b+a
2b )
+ β(s+1,2)2s+2b2q .2F1(2q, s+ 1, s+ 3, 1−
b+a
2b ), 0 < µ <
1
2
β(s+1,1)
2b2q .2F1(2q, s+ 2, s+ 3, 1−
a
b
)− β(s+1,2)2b2q .2F1(2q, s+ 2, s+ 3, 1−
a
b
)
β(s+1,2)
2s+2b2q .2F1(2q, s+ 2, s+ 3, 1−
b+a
2b ), µ =
1
2
B5(µ, q, a, b) =


β(1,s+2)
b2q
.2F1(2q, 1, s+ 3, 1−
a
b
)− 2
2q−s−2β(1,s+2)
(a+b)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ), λ = 0
2λs+2β(2,s+1)
[λb+(1−λ)a]2q .2F1(2q, 2, s+ 3, 1−
a
λb+(1−λ)a )−
λ22q−s−2β(1,s+1)
(b+a)2q .2F1(2q, 1, s+ 2, 1−
2a
b+a )
+ 2
2q−s−2β(1,s+2)
(b+a)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ) +
β(1,s+2)
b2q
.2F1(2q, 1, s+ 3, 1−
a
b
)
−λβ(1,s+1)
b2q
.2F1(2q, 1, s+ 2, 1−
a
b
), 0 < λ < 12
β(1,s+2)
2b2q .2F1(2q, 1, s+ 3, 1−
a
b
) + 2
2q−s−2β(2,s+1)
(b+a)2q .2F1(2q, 2, s+ 3, 1−
2a
b+a )
−β(2,s+1)2b2q .2F1(2q, 2, s+ 3, 1−
a
b
), λ = 12
B6(µ, q, a, b) =


β(s+1,1)
2s+2b2q .2F1(2q, s+ 1, s+ 2, 1−
b+a
2b )−
β(s+1,2)
2s+2b2q .2F1(2q, s+ 1, s+ 3, 1−
b+a
2b ), λ = 0
2λβ(s+1,1)
b2q
.2F1(2q, s+ 1, s+ 2, 1−
a
b
) + (λ− 1)β(1,s+1)2s+1b2q .2F1(2q, 1, s+ 2, 1−
b+a
2b )
+ 2 (1−λ)
s+2β(s+1,2)
b2q
.2F1(2q, s+ 1, s+ 3, (1− λ)(1 −
a
b
))
+ β(2,s+1)2s+1b2q .2F1(2q, 2, s+ 3, 1−
b+a
2b ), 0 < λ <
1
2
β(s+1,2)
2s+2b2q .2F1(2q, s+ 2, s+ 3, 1−
b+a
2b ), λ =
1
2
Proof. using Lemma 2.10, Ho¨lder’s inequality and harmonically (s,m)-convexity in second sense of |f ′|q,
we get
∣∣∣∣If (λ, µ, a, b)
∣∣∣∣ ≤ ab(b− a)
{(∫ 1
2
0
|µ− t|dt
)1− 1
q
(∫ 1
2
0
|µ− t|
A
2q
t
∣∣f ′
(
ab
At
)∣∣q)
1
q
+
(∫ 1
1
2
|λ− t|dt
)1− 1
q
(∫ 1
1
2
|λ− t|
A
2q
t
∣∣f ′
(
ab
At
)∣∣q)
1
q
}
≤ ab(b− a)
{(∫ 1
2
0
|µ− t|dt
)1− 1
q
×
(
|f ′(a)|q
∫ 1
2
0
|µ− t|ts
A
2q
t
dt+m|f ′(
b
m
)|q
∫ 1
2
0
|µ− t|(1 − t)s
A
2q
t
) 1
q
+
(∫ 1
1
2
|λ− t|dt
)1− 1
q
×
(
|f ′(a)|q
∫ 1
1
2
|λ− t|ts
A
2q
t
dt+m|f ′(
b
m
)|q
∫ 1
1
2
|λ− t|(1− t)s
A
2q
t
) 1
q
,
where, by calculations we find that
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∫ 1
2
0
|µ− t|dt = µ2 −
µ
2
+
1
8
,
∫ 1
1
2
|λ− t|dt = λ2 −
3λ
2
+
5
8
,
∫ 1
2
0
|µ− t|ts
A
2q
t
dt =


22q−s−2β(1,s+2)
(a+b)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ), µ = 0
2µs+2β(2,s+1)
[µb+(1−µ)a]2q .2F1(2q, 2, s+ 3, 1−
a
µb+(1−µ)a )−
µ22q−s−2β(1,s+1)
(b+a)2q .2F1(2q, 1, s+ 2, 1−
2a
b+a )
+ µ2
2q−s−2β(1,s+2)
(b+a)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ), 0 < µ <
1
2
22q−s−2β(2,s+1)
(b+a)2q .2F1(2q, 2, s+ 3, 1−
2a
b+a ), µ =
1
2
∫ 1
2
0
|µ− t|(1− t)s
A
2q
t
dt =


β(s+1,s+3)
b2q
.2F1(2q, s+ 1, s+ 3, 1−
a
b
)− β(s+1,1)2s+2b2q .2F1(2q, s+ 1, s+ 2, 1−
b+a
2b )
−β(s+1,2)2s+2b2q .2F1(2q, s+ 1, s+ 3, 1−
b+a
2b ), µ = 0
µβ(s+1,1)
b2q
.2F1(2q, s+ 1, s+ 2, 1−
a
b
)− β(s+1,2)
b2q
.2F1(2q, s+ 1, s+ 3, 1−
a
b
)
+ 2 (1−µ)
s+2β(s+1,2)
b2q
.2F1(2q, s+ 1, s+ 3, (1− µ)(1 −
a
b
))
+ (µ− 1)β(s+1,1)2s+2b2q .2F1(2q, s+ 1, s+ 2, 1−
b+a
2b )
+ β(s+1,2)2s+2b2q .2F1(2q, s+ 1, s+ 3, 1−
b+a
2b ), 0 < µ <
1
2
β(s+1,1)
2b2q .2F1(2q, s+ 2, s+ 3, 1−
a
b
)− β(s+1,2)2b2q .2F1(2q, s+ 2, s+ 3, 1−
a
b
)
β(s+1,2)
2s+2b2q .2F1(2q, s+ 2, s+ 3, 1−
b+a
2b ), µ =
1
2
∫ 1
1
2
|λ− t|ts
A
2q
t
dt =


β(1,s+2)
b2q
.2F1(2q, 1, s+ 3, 1−
a
b
)− 2
2q−s−2β(1,s+2)
(a+b)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ), λ = 0
2λs+2β(2,s+1)
[λb+(1−λ)a]2q .2F1(2q, 2, s+ 3, 1−
a
λb+(1−λ)a )−
λ22q−s−2β(1,s+1)
(b+a)2q .2F1(2q, 1, s+ 2, 1−
2a
b+a )
+ 2
2q−s−2β(1,s+2)
(b+a)2q .2F1(2q, 1, s+ 3, 1−
2a
b+a ) +
β(1,s+2)
b2q
.2F1(2q, 1, s+ 3, 1−
a
b
)
−λβ(1,s+1)
b2q
.2F1(2q, 1, s+ 2, 1−
a
b
), 0 < λ < 12
β(1,s+2)
2b2q .2F1(2q, 1, s+ 3, 1−
a
b
) + 2
2q−s−2β(2,s+1)
(b+a)2q .2F1(2q, 2, s+ 3, 1−
2a
b+a )
−β(2,s+1)2b2q .2F1(2q, 2, s+ 3, 1−
a
b
), λ = 12
∫ 1
1
2
|λ− t|(1− t)s
A
2q
t
dt =


β(s+1,1)
2s+2b2q .2F1(2q, s+ 1, s+ 2, 1−
b+a
2b )−
β(s+1,2)
2s+2b2q .2F1(2q, s+ 1, s+ 3, 1−
b+a
2b ), λ = 0
2λβ(s+1,1)
b2q
.2F1(2q, s+ 1, s+ 2, 1−
a
b
) + (λ − 1)β(1,s+1)2s+1b2q .2F1(2q, 1, s+ 2, 1−
b+a
2b )
+ 2 (1−λ)
s+2β(s+1,2)
b2q
.2F1(2q, s+ 1, s+ 3, (1− λ)(1 −
a
b
))
+ β(2,s+1)2s+1b2q .2F1(2q, 2, s+ 3, 1−
b+a
2b ), 0 < λ <
1
2
β(s+1,2)
2s+2b2q .2F1(2q, s+ 2, s+ 3, 1−
b+a
2b ), λ =
1
2
which completes the proof. 
Corollary 3.2. Under the assumption of Theorem 3.1 with λ = µ = 12 , the inequality (3.1) reduced to
to the following inequality
∣∣∣∣f(a) + f(b)2 −
ab
b− a
∫ b
a
f(u)
u2
du
∣∣∣∣ ≤ ab(b− a)
(
1
8
)1− 1
q
{(
|f ′(a)|qB2(
1
2
, q, a, b) +m|f ′(
b
m
)|qB3(
1
2
, q, a, b)
) 1
q
+
(
|f ′(a)|qB5(
1
2
, q, a, b) +m|f ′(
b
m
)|qB6(
1
2
, q, a, b)
)}
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Corollary 3.3. Under the assumption of Theorem 3.1 with λ = 1 and µ = 0, the inequality (3.1)
reduced to to the following inequality
∣∣∣∣f( 2aba+ b)−
ab
b− a
∫ b
a
f(u)
u2
du
∣∣∣∣ ≤ ab(b− a)
(
1
8
)1− 1
q
{(
|f ′(a)|qB2(0, q, a, b) +m|f
′(
b
m
)|qB3(0, q, a, b)
) 1
q
+
(
|f ′(a)|qB5(1, q, a, b) +m|f
′(
b
m
)|qB6(1, q, a, b)
)}
Corollary 3.4. Under the assumption of Theorem 3.1 with λ = 56 and µ =
1
6 , the inequality (3.1)
reduced to to the following inequality
∣∣∣∣13
[
f(a) + f(b)
2
+ 2f
(
2ab
a+ b
)]
−
ab
b− a
∫ b
a
f(u)
u2
du
∣∣∣∣
≤ ab(b− a)
(
5
72
)1− 1
q
{(
|f ′(a)|qB2(
1
6
, q, a, b) +m|f ′(
b
m
)|qB3(
1
6
, q, a, b)
) 1
q
+
(
|f ′(a)|qB5(
5
6
, q, a, b) +m|f ′(
b
m
)|qB6(
5
6
, q, a, b)
)}
Theorem 3.5. Let f : I ⊂ (0,∞) → R be a differentiable function on I◦ such that f ′ ∈ L[a, b],
where a, b
m
∈ I◦ with a < b. If |f ′|q is harmonically (s,m)-convex on [a, b
m
] for some fixed q > 1 and
0 ≤ µ ≤ 12 ≤ λ ≤ 1, then following inequality holds
∣∣∣∣If (λ, µ, a, b)
∣∣∣∣ ≤ ab(b− a)
{
B
1
p
7 (µ)
(
|f ′(a)|qB8(µ, q, a, b) +m|f
′(
b
m
)|qB9(µ, q, a, b)
) 1
q
+ B
1
p
10(λ)
(
|f ′(a)|qB11(λ, q, a, b) +m|f
′(
b
m
)|qB12(λ, q, a, b)
) 1
q
}
where
B7(µ) =
1
p+ 1
[
µp+1 +
(
1
2
− µ
)p+1]
,
B10(λ) +
1
p+ 1
[
(λ−
1
2
)p+1 +
(
1− λ
)p+1]
,
B8(µ, q, a, b) =
22q−s−2β(1, s+ 1)
(b + a)2q
.2F1(2q, 1, s+ 2, 1−
2a
b+ a
)
B9(µ, q, a, b) =
β(s+ 1, 1)
b2q
.2F1(2q, s+ 1, s+ 2, 1−
a
b
)−
β(s+ 1, 2)
2s+1b2q
.2F1(2q, s+ 1, s+ 2, 1−
a+ b
2b
)
B11(λ, q, a, b) =
β(1, s+ 1)
b2q
.2F1(2q, 1, s+ 2, 1−
a
b
)−
22q−s−1β(1, s+ 1)
(b+ a)2q
.2F1(2q, 1, s+ 2, 1−
2a
b+ a
)
B12(µ, q, a, b) =
β(s+ 1, 2)
2s+1b2q
.2F1(2q, s+ 1, s+ 3, 1−
a+ b
2b
)
Proof. using Lemma 2.10, Ho¨lder’s inequality and harmonically (s,m)-convexity in second sense of |f ′|q,
we get
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∣∣∣∣If (λ, µ, a, b)
∣∣∣∣ ≤ ab(b− a)
{(∫ 1
2
0
|µ− t|pdt
) 1
p
(∫ 1
2
0
1
A
2q
t
∣∣f ′
(
ab
At
)∣∣q)
1
q
+
(∫ 1
1
2
|λ− t|pdt
) 1
p
(∫ 1
1
2
1
A
2q
t
∣∣f ′
(
ab
At
)∣∣q)
1
q
}
≤ ab(b− a)
{(∫ 1
2
0
|µ− t|pdt
) 1
p
×
(
|f ′(a)|q
∫ 1
2
0
ts
A
2q
t
dt+m|f ′(
b
m
)|q
∫ 1
2
0
(1− t)s
A
2q
t
) 1
q
dt
+
(∫ 1
1
2
|λ− t|pdt
) 1
p
×
(
|f ′(a)|q
∫ 1
1
2
ts
A
2q
t
dt+m|f ′(
b
m
)|q
∫ 1
1
2
(1 − t)s
A
2q
t
) 1
q
,
where, by calculations we find that(∫ 1
2
0
|µ− t|pdt
) 1
p
=
1
p+ 1
[
µp+1 +
(
1
2
− µ
)p+1]
(∫ 1
1
2
|λ− t|pdt
) 1
p
=
1
p+ 1
[
(λ−
1
2
)p+1 +
(
1− λ
)p+1]
∫ 1
2
0
ts
A
2q
t
dt =
22q−s−2β(1, s+ 1)
(b + a)2q
.2F1(2q, 1, s+ 2, 1−
2a
b+ a
)
∫ 1
2
0
(1 − t)s
A
2q
t
dt =
β(s+ 1, 1)
b2q
.2F1(2q, s+ 1, s+ 2, 1−
a
b
)−
β(s+ 1, 2)
2s+1b2q
.2F1(2q, s+ 1, s+ 2, 1−
a+ b
2b
)
∫ 1
1
2
ts
A
2q
t
dt =
β(1, s+ 1)
b2q
.2F1(2q, 1, s+ 2, 1−
a
b
)−
22q−s−1β(1, s+ 1)
(b+ a)2q
.2F1(2q, 1, s+ 2, 1−
2a
b+ a
)
∫ 1
1
2
(1 − t)s
A
2q
t
=
β(s+ 1, 2)
2s+1b2q
.2F1(2q, s+ 1, s+ 3, 1−
a+ b
2b
)
which completes the proof. 
Corollary 3.6. Under the assumption of Theorem 3.5 with λ = µ = 12 , the inequality (3.1) reduced to
to the following inequality∣∣∣∣f(a) + f(b)2 −
ab
b− a
∫ b
a
f(u)
u2
du
∣∣∣∣ ≤ ab(b− a)
(
1
(p+ 1)2p+1
) 1
p
{(
|f ′(a)|qB8(q, a, b) +m|f
′(
b
m
)|qB9(q, a, b)
) 1
q
+
(
|f ′(a)|qB11(q, a, b) +m|f
′(
b
m
)|qB12(q, a, b)
) 1
q
}
Corollary 3.7. Under the assumption of Theorem 3.5 with λ = 1 and µ = 0, the inequality (3.1)
reduced to to the following inequality∣∣∣∣f( 2aba+ b)−
ab
b− a
∫ b
a
f(u)
u2
du
∣∣∣∣ ≤ ab(b− a)
(
1
(p+ 1)2p+1
) 1
p
{(
|f ′(a)|qB8(q, a, b) +m|f
′(
b
m
)|qB9(q, a, b)
) 1
q
+
(
|f ′(a)|qB11(q, a, b) +m|f
′(
b
m
)|qB12(q, a, b)
) 1
q
}
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Corollary 3.8. Under the assumption of Theorem 3.5 with λ = 56 and µ =
1
6 , the inequality (3.1)
reduced to to the following inequality∣∣∣∣13
[
f(a) + f(b)
2
+ 2f
(
2ab
a+ b
)]
−
ab
b− a
∫ b
a
f(u)
u2
du
∣∣∣∣
≤ ab(b− a)
(
(2p+1)
(p+ 1)6p+1
) 1
p
{(
|f ′(a)|qB2(, q, a, b) +m|f
′(
b
m
)|qB3(q, a, b)
) 1
q
+
(
|f ′(a)|qB5(q, a, b) +m|f
′(
b
m
)|qB6(q, a, b)
)}
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